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Abstract. In this paper we have proved several approximation theorems for the family of minimal surfaces in that 
imply, among other things, that complete minimal surfaces are dense in the space of all minimal surfaces endowed with 
the topology of C'^ convergence on compact sets, for any fc £ N. 

As a consequence of the above density result, we have been able to produce the first example of a complete proper 
minimal surface in R'^ with uncountably many ends. 
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1. INTRODUCTION 

The conformal structure of a complete minimal surface in R"^ influences many of its global properties. A com- 
plete (orientable) minimal surface has an underlying complex structure that can be either parabolic or hyperbolic 
(the elliptic (compact) case is not possible for a minimal surface in Euclidean space.) Classically, a Riemann sur- 
face without boundary is called hyperbolic if it carries a nonconstant positive superharmonic function and parabolic 
if it is neither compact nor hyperbolic. 

Until the 1980's, it was a general thought that complete minimal surfaces of hyperbolic type played a marginal 
role in the global theory of minimal surfaces. However, the techniques and methods developed to study the Calabi- 
Yau problem have showed that these surfaces are present in some of the most interesting aspects of the theory. 
It is natural that the first examples of complete hyperbolic minimal surfaces appeared as counterexamples to the 
Calabi-Yau conjectures, which original statement was given in 1965 by E. Calabi [2] (see also [3| and |25|). This 
author conjectured that "a complete minimal hypermrface in M" must be unbounded" , even more, "a complete 
nonflat minimal hypersurface in R" has an unbounded projection in every (n — 2) -dimensional affine subspace". 

Both conjectures turned out to be false, at least in the immersed case. In 1980, L. P. Jorge and F. Xavier 
I?) constructed complete nonflat minimal disks in an open slab of R'^ giving a counterexample to the second 
conjecture. An important progress came in 1996, when N. Nadirashvili flT] constructed the first example of a 
complete bounded minimally immersed disk in R"^. Initially, Nadirashvili's work seemed to be the end point of a 
classical problem. However, the methods and ideas introduced by this author were the beginning of a significant 
development in the construction of complete hyperbolic minimal surfaces. So, it has been possible to find examples 
with more interesting topological and geometrical properties. At the same time, some non-existence theorems have 
imposed some limits to the theory. Three have been the main lines of study. 

Embeddedness creates a dichotomy in the Calabi-Yau's question. T. Colding and W. P. Minicozzi (4) have 
proved that a complete embedded minimal surface with finite topology in R'' must be properly embedded in R'^. 
In particular it cannot be contained in a ball. Very recently, Colding-Minicozzi result has been generalized in two 
different directions. On one hand W. H. Meeks III, J. Perez and A. Ros llT6ll have proved that if M is a complete 
embedded minimal surface in M.^ with finite genus and a countable number of ends, then M is properly embedded 
in R^. On the other hand, Meeks and Rosenberg have obtained that if a complete embedded minimal surface M 
has injectivity radius Im > 0, then M is proper in space. This is a corollary of the minimal lamination closure 
theorem |17|. As a consequence of the above results, it has been conjectured by Meeks, Perez and Ros that 
AI C R'^ is a complete embedded minimal surface with finite genus, then M is proper". We would like to mention 
that the conjecture seems to be false under the assumption of infinite genus, as Meeks is working in the existence 
of a complete embedded minimal surface with infinite genus which is contained in a half space ifTSl . 
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The second line of work is related with the properness of the examples. Recall that an immersed submanifold of 
M" is proper if the pre-image through the immersion of any compact subset of K" is compact in the submanifold. It 
is clear from the definition that a proper minimal surface in must be unbounded, so Nadirashvili's surfaces are 
not proper in M'^. Much less obvious is that Nadirashvili's technique did not guarantee the immersion / : B ^ B 
was proper in the unit (open) ball B (here B stands for the unit disk in C), where by proper we mean in this 
case that f~^{C) is compact for any C C B compact. Morales and the third author IfTTl IT2l l20l introduced 
completely new ingredients in Nadirashvili's machinery and they proved that every convex domain (not necessarily 
bounded or smooth) admits a complete properly immersed minimal disk. These examples disproved a longstanding 
conjecture, which asserted that a complete minimal surface (without boundary) with finite topology and which is 
properly immersed in R'^ should be parabolic. Recently [13\ they improved on their original techniques and were 
able to show that every bounded domain with C^'"-boundary admits a complete properly immersed minimal disk 
whose limit set is close to a prescribed simple closed curve on the boundary of the domain. Similar methods of 
construction have been used by M. Tokuomaru in [24] to produce a complete minimal annulus properly immersed 
in the unit ball of M'^. In contrast to these existence results for complete properly immersed minimal disks in 
bounded domains, Meeks, Nadirashvili and the third author 1 10| proved the existence of bounded open regions of 
M"^ which do not admit complete properly immersed minimal surfaces with an annular end. In particular, these 
domains do not contain a complete properly immersed minimal surface with finite topology. 




Figure 1. 

The other line of study for complete hyperbolic minimal surfaces in M"^ has been the construction of examples 
with nontrivial topology. Nadirashvili's examples are simply connected. Thus, his mathematical machinery, which 
is based on Runge's theorem and Lopez-Ros transformation, works without problems. Lopez, Morales and the 
third author [8 9 | introduce a third element in the construction: the Implicit Function Theorem, in order to produce 
Runge's functions that close also the periods when they are used as parameters in the Lopez-Ros deformation. 

The aim of this paper is to join the second and third lines of work described in the above paragraphs in order to 
prove the following result (Section|2l Theorems |2] and O. 

Theorem A (Density theorem). Properly immersed, hyperbolic minimal surfaces of finite topology are dense in 
the space of all properly immersed minimal surfaces in R'^, endowed with the topology of smooth convergence on 
compact sets. 

Note that the best understood families of minimal surfaces in (properly embedded, periodic, finite total cur- 
vature, finite type, . . .) are included in the statement of Theorem A. Furthermore, if we do not care about properness, 
then we can prove that: 

Complete (hyperbolic) minimal surfaces are dense in the space of minimal surfaces in R'^ (without 
boundary) endowed with the topology ofC^ convergence on compact sets, for any fc € N. 
In the case of hyperbolic minimal surfaces we have an infinite number of linearly independent Jacobi fields. 
This is the key point in the proof of the above theorem. This enormous capability of deformation allows us to 
"model" a given compact piece of a hyperbolic minimal surface in order to approximate any other minimal surface 
with the same topological type (see Figure[T]i. In particular, we can obtain the following existence result. 
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Theorem B. For any convex domain D in M'^ (not necessarily bounded or smooth ) there exists a complete proper 
minimal immersion : M ^ D, where M is an open Riemann surface with arbitrary finite topology. 

One of the most interesting applications of our Density Theorem is the construction of the first example of a 
complete minimal surface properly immersed in M.^ with an uncountable number of ends (Section[8]l. 

Theorem C. There exists a domain SI C C and a complete proper minimal immersion ip : Q, ^ M?' which has 
uncountably many ends. 

The domain SI is bounded in C and its set of ends contains a Cantor's set. We would like to emphasize that our 
technique can be also applied to construct complete proper minimal surfaces of genus k,k and uncountably 
many ends. For the sake of simplicity, we have only exhibited in this paper the construction of a minimal surface 
of genus zero and uncountably many ends. 

Once again, embeddedness establishes a dichotomy in the global theory of minimal surfaces. So, it is impor- 
tant to note that complete proper minimal surfaces in M'^ with uncountably many ends cannot be embedded as a 
consequence of a result by Collin, Kusner, Meeks and Rosenberg 131 . 

Acknowledgments. We are indebted to W. H. Meeks III for valuable suggestions in the construction of minimal 
surfaces with an uncountable number of ends. We would also like to thank A. Ros for helpful criticisms of the 
paper. 

2. Preliminaries 

This section is devoted to briefly summarize the notation and results about Riemann surfaces, minimal surfaces, 
and convex geometry that we will use in the paper 

2.1. Riemann surfaces background. Throughout the paper M' will denote a connected compact Riemann sur- 
face of genus (T e N U {0}. 

Let M be a domain in M' and assume that M carries a Riemannian metric ds^. Given a subset W c M, we 
define: 

• dist(vK,ds)(p, q) = inf{length(a, ds) | a : [0, 1] ^ W, a(0) = p, a(l) = q}, for any p, q S W; 

• dist(^^d,)(ri,T2) = inf{dist(H^,d«)b,'?) I P G Ti, g G T2}, for any Ti, C W; 

• AmmdsiW) = sup{dist(vv,rfs)(p, q)\p,q£ W}. 

For E e N, consider Di, . . . , Dg C M' open disks so that {7^ d^i]^^^ are piecewise smooth Jordan curves 
and n % = for all j. 

Definition 1. Each curve 7^ will be called a cycle on M' and the family J = {71, . . . ,7e} will be called a 
multicycle on A/'. We denote by Int(7i) the disk Di,for i = 1, . . . , E. We also define M{J') = M' — Uf^]^Int(7i). 
Notice that M{ J') is always connected. 

Given J' = {71, . . . , 7e} and J'' ~ . . . , 7^} two multicycles in AI' we write J' < J '\l Int(7i) C Int(7j') 
for i = 1, . . . , E. Observe that this implies M{J') C M [J). 

Let J = {71, . . . , 7e} be a multicycle and assume that M{J) C M, where the Riemannian metric ds^ is 
defined. If e > is small enough, we can consider the multicycle J"^ — {7]^, . . . ,7|}, where by we mean 
the cycle satisfying Int(7i) C Int(7|) and dist(A/,ds)(<z, 7i) = ^ for q G 7I and i ~ 1, . . . ,E. Similarly, 
we can define J^"^ = {7^*^, . . . ,7e~'^}j where 7"*^ now means the cycle satisfying Int(7,^^) C Int(7i) and 
dist(M,ds)('?, li) = e for all q e 7,"' and j = 1, . . . , E. 

Given a Riemann surface with boundary TV C A/', we will say that a function, or a 1-form, is harmonic, 
holomorphic, meromorphic, ... on N, if it is harmonic, holomorphic, meromorphic, ... on a domain containing N. 

2.2. Minimal surfaces background. The theory of complete minimal surfaces is closely related to the theory 
of Riemann surfaces. This is due to the fact that any such surface is given by a triple $ — ($1, <i>2, <i>3) of 
holomorphic 1 -forms defined on some Riemann surface such that 



(2.2) 



(2.1) 



^j + ^l + ^l = 0; 
||$i|P + ||$2|P + ||$3||V0; 
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and all periods of the $j are purely imaginary, here we consider $i to be a holomorphic function times dz in a local 
parameter z. Then the minimal immersion X : M ^ R'^ can be parameterized by z i— > Re $. The above triple 
is called the Weierstrass representation of the immersion X. Usually, the first requirement ( 12. Il l (which ensures the 
conformality of X) is guaranteed by introducing the formulas: 

*i = ^ (l - 3^) *2 = ^ (l + 5^) ??, <^3=9V, 

with a meromorphic function g (the stereographic projection of the Gauss map) and a holomorphic 1-form r;. The 
metric of X can be expressed as 

(2.3) 1|1<I,||2=(1(1 + |,^|2)|,^|,)2^ 

Throughout the paper, we will use several orthonormal bases of R'^. Given X : R'^ a minimal immersion and 
S an orthonormal basis, we will write the Weierstrass data of X in the basis S as 

*(X,S) = S), *i>(2,S), *i>(3,S')), 9iX.,S), V{X.,S)- 

Similarly, given v S R"^, we will let Vf^^.s) denote the A;-th coordinate of v in S. The first two coordinates of v in 
this basis will be represented by ti(^ 5) — (f(i,s), 'y(2,s))- 

Given a curve a in M, by length(Q;, X) we mean length(Q;, dsx)- Similarly, given a subset W C M, we write: 

• dist(vK.x) (P, 9) dist(vi..ds^)(p, 9), for any p, q(^W; 

• distiw,x){Ti,T2) = distiw,dsx)iTi,T2), for any T^,T2 C W; 

• diamx(VF) = diamrfs^(W'). 

2.2.1. TTze Lopez-Ros transformation. The proof of Lemmas [T] |2] and [3] exploits what has come to be called the 
Lopez-Ros transformation. If M is a Riemann surface and ((7, -q) are the Weierstrass data of a minimal immersion 
X : M ^ R'\ we define on M the data 

(2.4) ^^f' V = vh, 

where /i : M — > C is a holomorphic function without zeros. If the periods of this new Weierstrass representation 
are purely imaginary, then it defines a minimal immersion X : M R"^. This method provides us with a powerful 
and natural tool for deforming minimal surfaces. From our point of view, the most important property of the 
resulting surface is that the third coordinate function is preserved. Note that the intrinsic metric is given by ( 12.31 ) 
as 

This means that we can increase the intrinsic distance in a prescribed compact of AI, by using suitable functions 
h. These functions will be provided by Lemma[T]that can be consider a Runge's type theorem. 

2.3. Background on convex geometry. Convex geometry is a classical subject with a large literature. To make 
this article self-contained, we will describe the concepts and results we will need. A convex, compact set of R" 
with nonempty interior is called a convex body. A theorem of H. Minkowski (cf. lfT9l ) states that every convex 
body C in R" can be approximated (in terms of Hausdorff metric) by a sequence Ck of 'analytic' convex bodies. 
Recall that the Hausdorff distance between two nonempty compact subsets of R", C and D, is given by: 

{C, D) = max < sup inf — , sup inf — > . 

Theorem (Minkowski). Let C be a convex body in R". Then there exists a sequence {Ck\ of convex bodies with 
the following properties 

1. Ck \ C in terms of the Hausdorff metric; 

2. dCk is an analytic (n — 1) -dimensional manifold; 

3. The curvatures ofdC'k never vanish. 
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A modern proof of this result can be found in ifTSl §3]. 

Given E a bounded regular convex domain of and p G dE, we will let K2(p) > Ki{p) > denote the 
principal curvatures of dE at p (associated to the inward pointing unit normal.) Moreover, we write: 

Ki{dE) ~ min{Ki(p) | p £ dE}. 

If we consider J\f : dE the outward pointing unit normal or Gauss map of dE, then there exists a constant 

a > (depending on E) such that dEt = {p + t ■ N{p) \ p G dE} is a regular (convex) surface Vi G [—a, +oo[. 
We label Et as the convex domain bounded by dEt- The normal projection to dE is represented as 

Ve ■■ K'"^ - E^a — > dE 
p + t- N{p) I — > p . 

Finally, we define the 'extended' Gauss mapTV^ : - E_a — > as Ne{x) = Af(VE{x)). 

3. A RuNGE's TYPE Lemma 

As we mentioned in the introduction, this section contains a Runge type theorem on Riemann surfaces. It will 
be crucial in the prove of the main theorems. 



Lemma 1. Let J be a multicycle of M' and F : M{J') —^M!^a confonnal minimal immersion with Weierstrass 
data {g, $3). Consider Ki and K2 two disjoint compact sets in M{J') and A C M' satisfying: 

• There exists a basis of the homology of M[J^) contained in K2] 

• Ac M' -{K1UK2); 

• A has a point in each connected component of M' — {Ki U K2). 

Then, for any m G N and for any t > there exists H : M{J) — A ^ C a holomorphic function without zeros, 
such that 

(lUJa) \H -t\< 1/minKi; 
(Ifllb) \H -1\ <l/min K2; 

(ifflc) The minimal immersion F : M{J') — A — > R'^ with Weierstrass data {g/ H, <I>3) is well-defined. 

In order to prove Lemma [l] we have to introduce some terminology and prove several claims. We define 
g = 2(7 + E — 1 (recall that a is the genus of the compact surface M'.) Thus, let B = {Hi, . . . , H^} be a basis of 
the homology of M {J') contained in K2, and denote by Ti, the complex vector space of the holomorphic 1 -forms 
on M{J). 

Claim 3.1. Consider (ai, . . . , a^) G — {(0, . . . , 0)} and c = '^j'^j- Then there exists t G H with 



Proof. The first holomorphic De Rham cohomology group, H^^i{M{J')) is a complex vector space of dimension 
g (see IS Chapter III.5]). Thus, the map / : H^^^{M{J)) given by /([V^]) = (/^^ V, ■ ■ • , /^^ V') , is a 

linear isomorphism. Observe / is well-defined from the fact that the type of an exact 1-form in H^^^{M {J)) is 
zero. Therefore, there exists [tp] G H^o\{M{J)) such that I{[tp]) ^ {{zi, ■ ■ ■ , Zg) \ J2j=i '^j^j — Therefore, 
we can choose r G [ijj] with J^t = 1. □ 



Claim 3.2. Consider t Cz Ti. and P G M{J'). Then, there exists a holomorphic function A : M{^J) — > C such 
that ^ (t + dA)\jjjj^ > (^T \jY(jjj ■ P, where (•)o denotes the divisor of zeros. 

Proof. Suppose (t)o = Qi - ■ ■ QkP'^, with P ^ QiV i — 1, . . . ,k, and assume that there exists a holomorphic 
function v : M{J) C satisfying 

1) viP)^v{Q,),yt = l,...,k; 

2) P is not a ramification point of t). 



Consider the function J : M{J) ^ Cgivenby J = nLi(^^-i'(QO)^- Therefore, (^dJ\-j 



> 



claim. 



and the order of P as zero of dJ and r is the same, so, there exists I G C such that A — IJ solves the 
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Now, we are checking that there exists a such function v satisfying items 1) and 2). A Runge's type theorem 
(see ||23l Theorem 10]) guarantees the existence of a holomorphic function vi : M{J) C fulfilHng item 1). 
On the other hand, given {U, z) a conformal coordinate chart around P and m G N, the same theorem provides us 
of a holomorphic function : M{J) C with \hm{z) — z\ < 1/m for z E U. Hence, {hrn}meti z and 
therefore {dhjn}mefi ^ d^- Taking into account that P is not a ramification point of z, we conclude that there 
exists m G N large enough so that P is not a ramification point of ?J2 := hm- Finally we choose u as a appropriate 
linear combination of vi and V2 ■ □ 



Claim 3.3. Let 0{M{jJ)) be the real vector space of the holomorphic functions on M{J'). Then the linear map 
T : 0{M{J)) given by 



Re 



^$3 [ - + 5 



, Im 



is onto. 

Proof. Suppose T is not onto. Therefore, there exists (/ii , 
C {{xi, . . . , X2g) I J2^i=i l^j^j ~ Other words: 



{(0, . . . , 0)} such that 0{M{J)) 



(3.1) 



Re 



E 



-$3 +?I7 



9 



0, y^eOiM{J)), 



where Uj = fij - ifij+g, j ^l,...,g. 

Now, Claims [TTI and f32\ guarantee the existence of a differential t E H satisfying 

2 



wo>(G 



M{J) 



{{9d9)\ 



M{J) 



• Re 



= 1. 



Therefore, if we define w ^Jdg ' ^^^^ ^ ^WT ^ ^i^H'J))- Hence, integrating ( 13.1b by parts, we obtain 



Re 



Re 



E^/ 



= 



which is absurd. This proves the claim. 



Using the above claim we obtain the existence of {ipi, . . . , ip2g} C 0{M{J')) such that {T{ipi) 
are linearly independent. Fixed mo G N, without loss of generality, we can assume 



□ 

,^(<y32e)} 



(3.2) 



2q 



< 



1 

mo 



Vx = (xi, . . .,X2e) e with < 1, Vp G M{J). 

3.1. Proof of Lemma [TJ Given n G N, we apply a Runge-type theorem on A/', see 1231 Theorem 10], and obtain 

'. such that 



a holomorphic function -dn ■ M{J) — A 



- n log(t)| < 1/n iniCi , 
|i?„|<l/n ini^2. 



Now, for e = (^0, • ■ • , he) e , we consider the map ft.®'" : M{J) - A ^ C given by 



,e,n 



(p) = exp 



2e 
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Label g®^" 
e = (/o, . . 
: K2 

(3.3) 



= and $f = $3. Clearly, we have that i9„ converges uniformly on K2 to i9q 

, Z2e) G R^^+^ we also define on K2 the Weierstrass data g^^°^ — 
C is given by 



0. So, for 



•°° and = $3, where 



' G.oo 



(p) ^ exp 



2(5 



Note that the third coordinate of all these Weierstrass representations has no real periods, but the period prob- 
lems of the two first ones coordinates are not solved. In order to solve these problems we define, V n G N U {00}, 
the map T'n : M2^+^ ^ M^^ given by 



(3.4) 






, Re 



















Since is a well-defined immersion, then we have Vn{0, 
to check that 



, 0) = 0, V n e N U {00}. Moreover, it is not hard 



[Jac,,,...,i,^(7'„)](0, . . . , 0) = det(^(v?i), . . . ,.^(^2,)) ^ 0, Vn G N U {00} . 



p2e 



||L|| < ?'}, we can find ^ > and < r < 1 such that the Jacobian operator 



^0 and 7^00(0, •) 

"Ri'n r\ injective. 



Labeling B(0,r) 

[JaC;^,...,;2^(7'oo)]|j_^^^]x;B(0^^) oov-, ; |^(o,r) 

As {t?n}„gN uniformly converges to doc = on K2 and C K2, Vz = 1, . . . , g, then it is not hard to see that 

{Jacij....^i2e (^n)}neN Uniformly converges to Jac;^ hgi'Poo) on [0, £] x B{0, r). Therefore, there exists no G N 

satisfying that Vn > 3 4, > such that [JaCi,,...j,^(-p„)](/o,L) ^ 0,V(/o,L) G [-^n^] x B{0,r). Nov/, 
we are able to apply the Implicit Function Theorem to the map Vn at (0, . . . , 0) G [—£,n, £] x ^(0, r) and obtain a 
smooth function Ln ■ In ^ M.^^, satisfying VnHo, Lnilo)) = 0, V/q G In, where /„ is an open interval containing 
and maximal, in the sense that Ln can not be regularly extended beyond /„. 

Claim 3.4. There exist eo > and tiq G N such that the function i„ : [0, eq] ^ ^(Oj well-defined for all 
n > riQ. 

The proof of Claim|33]is a standard argument of classical analysis that can be found in fS). 
Take n > uq large enough so that l/n < cq and label (Z", . . . , ^2^) = Ln{^/n). If mo in ( 13.21 ) and n > uq are 
sufficiently large, the function 



II{p) = exp 



-Mp) 

n 



2q 

E 



satisfies (LI. a) and (Ll.b). As the period function Vn vanishes at 8„ = {l/n, Z", . . . , l2g), then the minimal 
immersion F with Weierstrass data given by {g/ 11,^3) is well-defined. Hence, the function H also satisfies 
(LLc). This completes the proof of Lemma[T] 

4. Properness Lemma 

This lemma asserts that a compact minimal surface whose boundary is close to the boundary of a convex E can 
be 'elongated' in such a way that the boundary of the new surface achieves the boundary of a bigger convex E'. 
However, the above procedure does not change the topological type of the minimal surface. If E is strictly convex 
we are able to obtain some extra information about the resulting surface that will be necessary in proving Theorem 
[3] (see RemarklU) 

Lemma 2. Let E and E' be two bounded regular convex domains in W", with e E C E (Z E'. Consider 
J' < j7o multicycles in M' and X : M{J'q) —>■ M!^ a conformal minimal immersion satisfying X(jio) = for a 
givenpointpQ G M{J''), and 



(4.1) X{M{J(,)-M{J'))(1E' -E . 

Finally, consider 62 > such that i?Lf,2 '^^^ E-2b2 exist. Then, for any 61 > there exist a multicycle J and a 
conformal minimal immersion Y : M{J) satisfying Y{pq) = and: 
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(UHa) J' <J < Jo; 

(iHb) - X{p)\\ < bi, Vp e M{J'); 

(iHc) Y{ J)CE ' -E'_t.,; 

(Ij2]d) y(M(J) - MiJ')) C M3 _ £;_2,^. 

4. 1 . Proof of Lemma |2j Let be a meromorphic differential on AI' so that w has neither zeroes nor poles on 



M{Jq). Then, it is well known that ds" 



is a flat Riemannian metric on A/(j7o). 



Remark 1 (developing map). Fixed a point q G M{Jo) the multivalued map given by: 



(4.2) 



is called the developing map of ||ci;| p. It is known that ||c<j|p 
o/C. In particular, f ca« /je seen as a local isometry. 



f * dsg, where ds^ represents the Euclidean metric 



Given n e N we define an order relation in the set / = {1, . . . , n} x {1, . . . , e}. We say (j, I) > (i, k) if one of 
the two following situations occurs: I = k and j > i ot I > k. Moreover given p G M{Jq) and r > 0, we denote 
D{p, r) = {g G M{Jq) \ dist(M(Jo),ds)(Pi < ^l^'' define two important constants that are chosen as 

follows: 

• = max{distR3(a;, | x G E'}] 

• eo > which will only depend on the data of Lemma|2](i.e., X, JTq, J' , E, E', bi, and b2-) This positive 
constant will be determined later and it must be small enough to satisfy several inequalities appearing in 
this section. 

4.1.1. The first deformation. 

Claim 4.1. There exist a multicycle J\ such that J' < J\ < j7o, and a set of points {p^ | (i, fc) € /} included in 
M{J'i) — M(^J'), satisfying the following properties: 

1) For any k, there exists a cycle 7^ passing trough {p\: ■ ■ ■ , 

2) ^72 = {71, ■ ■ • , 7e} is a multicycle with M{J') C M{J2) 

3) There exist open disks B"^'^ C M{Ji 

p1) 



p„} (orderly) and contained in M{Ji) — M{J')] 



M{J') satisfying p^,p^^-^ G B^''', and such that (we adopt the 

convention p'^^i 

(4.3) \\X{p)-X{p')\\<eo, "ip.p'eB^^^ y(i^k)el; 

4) For any (i, k) E I, there exists an orthonormal basis o/M"^, ~ {ei'^, 63'^, Cg*'}, with — ME{X{pf)), 
and satisfying 

(4.4) 

and 

(4.5) 



i+l.k 



<|^, Vje {1,2,3} (eJ+^^'=:= 



f(x.s^)iPi) , where f^x.,s>;) 



5) For each {i,k) E I, there exist a complex constant 6^ which satisfies \9f\ = 1, Im 9f ^ 0, and 



(4.6) 



' \fix,s^M)\ 



< 



3/i 



Proof. Since J'' is a set of piecewise regular curves, then we know that J\fE{X{J')) omits an open set U of S^. 
Hence, we can get a multicycle Ji with J' < Ji < Jo and Ne{.X{M{Ji) - M(J'))) C - f/. Let Vi 
and V2 be a smooth orthonormal basis of tangent vector fields on — U . Then, we define ^i(p) = Ne{X{p)), 
Up) = Vi {JVe{X{p))) and Up) = V2 {Me{X{p))), Vp E M{Ji) - M(70- 

If n is large enough, because of the uniform continuity of X and the fields ^j, for j = 1,2,3, we can find points 
{pf I (i, k) E 1} E M ( Ji) - M [J') satisfying Statements 1), 2), 3), and the following property: 



(4.7) 



<W6/^, Vje {1,2,3}, V(z,fc)e/ 
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Labeling G as the spherical Gauss map of X, we can write G{p'l) ~ Y^j=i Q^j^ ' ^jiPi)' ^ !]• 
Take a G [0 1] - { ^^ \ ii,k) e /}, and define = Up-), e^"" - -VT^Up'I) + and e^^^ = 

+ Vl - a2^3(pf ). Then, (|4!4] | is a direct consequence of ( l4!7T i. Moreover, note that 63'" 7^ G'(pf ), V(i, fc), 
and so ( 14. 5t trivially holds. Finally, the existence of 9^ is straightforward. □ 



M 




Figure 2. The surface M' the multicycles Jo, Ji, J2, J3, and J'. 

Remark 2. Notice that Properties ( 14. 3 1 ) an^/ ( 14. 4| ) are cyclic, i.e., they are true for i = n labeling p^+i = Pi, 
Sn+i = Si and 8"^+^^^ = B^-^ . 

Now, for any (i, /c) e /, consider a holomorphic function Ci.fc : M{Jo) — {pf } ^ C having a simple pole at 
p\. The existence of such functions is a consequence of the Noether 'gap' Theorem (see 0). Up to multiplying 
C,i.k by a complex constant, we can assume that the residue of Ci./t ■ lo ^tp'l is —1, for all (i, /c) G /. 

Claim 4.2. There exists {)<&<! such that, for any {i,k) e /, there exist a point E dD{p^ , 6) and a regular 
simple curve (3i^k ■ [0, 1] D{p^, S) satisfying 

(1) ft,fe(0) = qt P^.ka) = A.fcQO, 1[) C DiplS); 

(2) C^Af^^At)) ■ W) G Vi G [0, 1[; 

(3) Im(C,,fc(ft,fc(i)) • lm{0f) < 0, Vt e [0, 1[. 

At this point we can define the following constant: 

,5' := max{length^^(/3,,fc) | {i,k) G /} . 
Notice that S' > S and lim^^o S' = 0. 

Claim 4.3. There exists S > small enough to satisfy Claim \4~2\ and the following list of properties: 
(Al) There exists Jj, a multicycle with M{J^) = M{J2) — lJ(i}^)^iD{p^ , 5) (see Fig. ^ ; 
(A2) D{p'^,d) U D{p'l;^^, S) C B'-K, V(i, k) e I; 
(A3) D{plS)nDip^^,S)^l!}, yii,k)^{j,l)el; 
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(A4) 6' ■nmx^^{\f(^x,s^)\} < 2eo, V(i,/c) G /; 

(A5) 6' ■ max^^{\f^x^sf)9lx.st)\} < )| eo, V(z, k) e /; 

(A6) 3/i • ma.x^^jj^_^k g^ 

(A7) (5'-max-^j^^7r-^{||0||} < cq, V(i, A:) e /, where $ = ^-o; /s f/ie Weierstrass representation of the immersion 
X. 

Now, we label i := diam(;s(M(j73)) + 2(5' + 27r(5+l. For each k = 1, ... ,E, we construct a sequence 




Figure 3 . The conformal disk D(pf , 5). 

'^k = {*i,fc I i = 1, • ■ • , "■}, where the element = {k^^', a*^, Cf , G^, is composed of; 
• is a positive real number; 



• a*^ is the first point in the (oriented) curve /3i ^ , such that 



(4.8) i 



where /i was defined at the beginning of the proof of Lemma |2] and /3{q,p) denotes the oriented arc of 
/3j,fc([0, 1]) starting at q and finishing at p. 

• is a piece of a simple closed regular curve C contained in Dip'l^ 5) such that a\ € and each 
connected component of /3i.fc([0, 1]) — {af } lies on a connected component of D{p^, 5) — C (see Fig. |3]) 

• is a closed annular sector bounded by Gf , dD{p^, S) and the boundary of a small neighborhood of the 
curve /3(9f,a*^); 



• <j)».fc — 0'^*: • is a Weierstrass representation defined on M{Ji) — ^(j.i)<(i.k)U{p\)j where U{p^a) 



D{pj, S) — Gj is a small open neighborhood of p'j. 

Remark 3. In each family ^/k we will adopt the convention that ^'n+i,fc — '^i.k- In case k — 1, let ^"^'^ = (p'^'^u 
be the Weierstrass representation of the immersion X. We denote VI/q,! — {'1?'''^}. In case k > 1, we write 

Claim 4.4. We can construct the sequence in such way that satisfy 

(BlJ) <5'-max^(^{ < 2eo, > {i,k)- 

(B2f) 5'.max^^{|/(^.,.^si)g2^.,,^^,)|} < |lm(0f )| eo, V (j, > {i,k)- 

{m\) 3/x • max^^;^^^{|/(^.,._5,)(p) - < l/(x,sj) bjOl ^o, V (j, > {i.k); 

(B4*^) ||Re ^"^'^W < Vp e Gf, where Up is a piece ofC^ connecting withp; 

(B5*^) = where <i>|^'^^j.^ represents the j-th coordinate of the triple /n the frame S^; 

(B6f) - < Vp e := M(^- [i?(pf,<5) U I (J C/(p^. 

\ \{j,i)<{t,k} 
(BT^) ||Re/^(^. cD'^'^ - Re/^(^._^_^._^) $-1,^11 < 15 (/or z = 2, . . . , n + 1); 
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(B8,f ) For all p e one has 



Re 



jfyi,k \ i,k 



f(x,s'^)ip'l) 



Re 



\ i,k 

i^i Q,k 



< Sen 



iB9^) 3^i + eo > ^\f^x,s^M)\i^(^Iq^4Q,ki^) > -eoJorallpeGt 

The above properties are true for {i, k) e /, except for (Bl^), (B2*^), and (B3*^) which hold only for (i, k) ^ 
(n, e). Similarly, Property (B7^') is valid only for z = 2, . . . , n + 1, and any k € {1, . . . , e} (see Remark[3]) 

We define each family ^'^ in a recursive way. Before entering in the details of the recursive construction, we 
would like to make some remarks: 



Remark 4. To construct ^'^.i starting from we will use Properties (Blj^^), (B2\_^} and (B3\_^). In the 

case z — 1 = 0, these properties are a consequence of (A4), (A5), and (A6), respectively. 

Ifk > 1 and is already defined, then in order to obtain '^ikfrom we will make use of Properties 

fB7fLiA (B2^_-f^) and (B3\_-^). In the case 2 — 1 = 0, these properties are a consequence of(BI^^), (B2'^~^) and 
fBifj^^j, respectively. 

Assume ^'i_i,fc is defined satisfying Properties (Bl*Li),- • ■ , (B9*L]^). 
From item (3) in Claim|42]we easily obtain that: 

(4.9) |1 + c0,f C^MW^At))\ > )| > 0, V< e [0, 1], Vc > 0. 

Consider a basis of the homology of M(j7o), B = {Hi, . . . , H^}, so that the curves Hj, j = 1, . . . , are contained 

in Af(J2) - U^,,i)^jD{p'^,S). 

Reasoning as in Claim |33] we obtain the existence of {tpi, . . . , ip2g} C 0(Af(Jo)) such that {!F{ipi), . . . , 
^{f2g)} are linearly independent. Up to a suitable shrinking, we can assume 



(4.10) 





" 2(5 




exp 


^Xjipj{p) 


- 1 









< 



|lm(0f)| 



Vx = {xi,...,x2g) e ]R2e with ||a;|| < 1, Vp G M(Jo)- Now, for 9 = (Ao,Ai, 
the map /i® : M(Jo) 



, he) e M^^+\ we consider 



! given by 

h''{p) = \o G,feb) + cxp 



2e 



Observe that /i® — > 1 uniformly on M(j7o) — D{p'[, S), as — > 0. Then, there exists 1 > r > 0, so that has 
no zeroes in M (Jo) - D{p^, 6), for all 9 € 5(0, r) = {x e M^e+i | < ^j. 

Label = g(^^i-i.k gk-^/h^ and $f = 'i'^g ^t-,- For the associate Weierstrass representation, $®, we define 
the period function : M2^+^ -> K^e given by 







, Re 










i=i,---,e 













Notice that P is a mapping of class and 7^(0, . . . , 0) =0. Then, applying the Implicit Function Theorem, as in 
the proof of Lemma[T] we get the existence of a positive constant k > and a curve L :] — k, R^^, such that 
(Ao, L(Ao)) e B{0, r) and 7'(Ao, L(Ao)) = 0, for all Aq in ] - k, k[. Since $(^o,i(Ao)) ^ $»-i,fc^ uniformly on 
K^, as Ao ^ 0, then we can find e]0, k[ so that the Weierstrass data: 



(4.11) 



satisfy Properties (Bl*^), (B2*^), (B3*^) and (B6*^). Furthermore, Property (B5f ) trivially follows from the definition 
of 
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For the sake of simplicity we will write hi,k instead of h'^'^^ '^^'^^ We would like to point out that the immersion 
: M{J2) - {D{pf,S) U (U(j,i)<(i^fe)t/(p^))) — > with Weierstrass representation in the orthogonal 
frame S^, is well-defined. To obtain the remainder properties we have to work a Uttle further. 

To check Property (B8f ) we write a + ib = ae{^ + bel^^ . Given p e P{qi , af ), from the definition of /3i.fe we 
get 

rP 



Re / 

Hence, using first ( 14. 6t and then ( 14. 8t . one obtains: 



i^i Ci,k w e 



/3(</?,p) 



Therefore, we have 
Re 



< 



2 3/i 



f(X,S''){Pi 



K-i Ci,k w < eo 



1 



I3{q'',p) 



< 



(4.12) 



Re 



1 



Taking into account the definition of hi,k and ( 14.1 Oi l, we can write hi^k = Vi^k + O^K'j^Q^k + 1, where Vi^k is a 
holomorphic function with |fi,fc| < l^^^^i^. Moreover, Re $1 + iRe $2 = ^{rj — g^rf). Then, expression ( I4.12l i 
can be bounded by 



/(<E>.-i,fc_5.fc)6'fKfO,fc'^ + / /(<(,>-i,fc_5fe)(Wi,fc + l)cJ- 

/3(g^p) " Jpiq^p) 



P{qf,p) 



1 
2 

1 
2 



/3(<?f,p) 



eo < eo + eo 1 



/3(9?,P) 

|lm(0,f) 



+ 



eo + eo < 5eo 



where in the second inequality we have used (14.81 1. (B3*Li), (B^i^i)' (I^2*Li), ( 14. 9t and ( 14.10b . Thus, we have 
proved that Property (B8*^) holds for all p e /3(gf , a^). Hence, if Cf and are chosen close enough to and 
j3(q^ ,a^), respectively, we obtain Properties (B4*^), (B8f) and (B9^). 

Finally, we are checking (B7^'). In order to do this, we write 



Re 



^'^'^ - Re 



/3((2*,af) 



i-l.k 



P(q'^-i,<-i) 



< 



2 

E 



Re / e!.''^ - Re 



,1; ) 



/9(</f„i,iti) 



+ 



Re 



1 e'? - Re 



/3(9, lO, ) 



/3(9?_i,aJ_i) 
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and we separately bound each addend. Using (B8*^), (BSjLi), < l4.8l l and ( I4.4l i. we obtain 

2 



E 



Rc 



Re 



-l.fc 



< 



f(x,srM) 



KfC«,fetj j e^'' - I /(x.sti)(pf-i) 



Ki_iCi-i,fc w e 



;-i,fc 



/3('/f-i,ati) 

lOeo < eo + lOeo Ileo . 
To bound the second addend we use (B5f) and (B5f_i)to obtain 



lOeo 



o i,k o i—l.k 

611 e{ — 6fj,ei 



(4.13) 



Re 



Re 



Re 



i-2,k 



< (5'(maX' 



-i'^-||} + max- 



(3,Sti) 



< 



Re 



{||0'-''1l})<2K^+eo <46o, 



where in the second to last inequality we have used (B6p, (j, I) < {i,k), and (A7). Therefore, Property (B7f) 
holds, and so we have constructed the required sequence {5'i,fc \ ihk) ^ I}- 

4.1.2. Preparing the second deformation. Note that the Weierstrass representations have simple poles and 
zeros in AI{Ji). Our next job is to describe a domain U in AI{Ji) where the above Weierstrass representations 

determine minimal immersions. 

We can consider 6" > S such that D{p'[,6") U D{p>l^^,S") C B'^'', V(i, k) G /, and D{p^^,6") n D{p],5") = 

%,y{i,k)^{j,l)el. 

Let Ui^k C D{p^,S") - D{pf, S) be a simple curve connecting dD{p^, 5") n Int M{J2) with and finally let 
be a small open neighborhood of a^^fc U f3{qf,a^) in G^^ U {D{p'^,S") - , (5)). The domain is defined 



as 



{m{J,)- U D{ptS")]u U TVf 



(i,k)ei / \{i,k)ei 

If (5", cki.fc and Nj' are suitably chosen, then we can guarantee: 

Claim 4.5. The domain hi satisfies the following properties: 

(CI) There exists Ju a multicycle withU — M{Ji(). From now on, we write M{J'u) instead of hi] 

(C2) I3{q'^,a't) C M{Ju)andJ' < Ju] 

(C3) diamrf,( M (J;^)) < £; _ 

(C4) A4{Ju)nD{plS) C Gf,V(^,A:) e /; 

(C5) The homology group of M{J'u) is the same as M (JTq) and it is generated by the basis B described in page 

m 

At this point, it is clear that we are able to find a multicycle, jZj, with Ju < J/^ and satisfying (C3) and (C5), 
where the immersions X\ : M{Ji) — > R'"^ given by X^{p) = Re /^''^ ^'-'^ are still well-defined, for (i, k) G /. 

Claim 4.6. For {i,k) E I, we have 

(Dlf) \\Xtip) - X^_,{p)\\ < ^, Vp e M(J4) - Dipt 6); 

(D3f) ||X^(af)-X^(a^+i)ll <20eo; 
(D4f) X^(a,^) eR3„£;^^_ 

Proof. In order to get (DlJ^) we use (B6*^) and (C3) as follows: 



Wx^ip) ~ xt_Ap)\\ 



Re 



!i,k 



< 



li.k 



li-l.k I 



I'^ll < 



nE 
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Figure 4. The curves Qf. 

Now, (B5f ) immediately implies (D2f ). To check (D3,^) we apply (Dl^), (j, I) € /, (Bl'^^^) and (|43]l to obtain 



4eo + ||X(gf+i)-X(9,f)|| + 



Re 



i+l,k 



/3(9ffi^i?+i) 



i.k 



I3{a'i,q'i) 



< Aeq + £o + 15eo 20eo 



Finally, we will prove (D4*^). Using (Dl' ), {j, I) > {i, k), one gets 



llXf^K^) - X{p^) ~ 3f^AfE{X{p'im < WXUa'^) - X^{a^)\l + \\X^{a^) - Xf (gf ) - 3f,AfE{X{p'i))\\ + 
UHq') - X{p'l)\\ < 60 + UX^'ia'l) - Xf (gf - 3/.ef II + |(X,'=(a,'=) - X^{q^))^,^s^)\ + 

||Xf (gf ) - X((zf )|| + \\X{q^) - X(p,'=)|| < £0 + 5eo + 2 £0 + eo + eo = 10 eo , 
where in the last inequality we have used (Dl*^), (B8*^), (|43|, gjll and (I4l3] l. As ) + 3 fj.AfEiX{p^)) € 
K'^ — i?3p, then (D4j^) holds for a small enough cq- 



□ 



4.1.3. The second deformation. For any (i, fc) e /. let T* = {lyj^''^, Wj*^, be a new orthonormal basis such 
that 



(4.14) 



Consider also Q*^ the connected component of the set Ju — {C^ U C^_^^) that does not cut Cj, V(j, I) E I 
{{i, k), {i + 1, /c)}. Note that {Qf | (i, /c) e /} satisfy: 



(4.15) 



for all (i, fc) ^ (j, and Q.f C B*'''' , for all {i, k) e I; 



Ql n D{p\,5) = , 0', ^ fc), + 1, fc)} 



(4.16) 

and, up to a small perturbation, 

(4.17) /(^.,^.)(p)^0, Vpeg,^ 
Now, let Cf be an open set containing and sufficiently small to fulfill 

(4.18) llX^(p) - X^(a,')|| < 3eo , Vp G C'^ C^W{Ju) . 

Notice that the above choice is possible due to Properties (Dl j), (j, > (B4*^). We also define, for any 

e > 0, QHO = {p e A/(Jo) I clist(M(^o),ds)(p,Q?) < a- 

Claim 4.7. T/iere exists ^ > smaW enough so that: 
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(El) Q,^(e) C M{Ji); 

(E2) Q,^(e) n Q^ (0 = %,for {i, k) ^ {j, l); 

(E3) n D{p'^,6) = (bjor (j, ^ {{i, k), {i + 1, fc)}; 

(E4) Q,*(C) C B'-^ 

(E5) I /[xQ "^1 = Vxq e QfjVxi e dD{xo,^/2),\/ {i,k) E I where [xq,xi\ represents the length 

minimizing arc joining and Xi (recall that ds^ — 
(E6) Givenp e Q^, we have \f^xi,T^^){p)~' f{X^,T^^)iQ)\ < ^ii^g G D{p, £,/2), where ei = ^ minQfc{|/(xE_-rfc)|}; 

(E7) diamrf, - Q,f (O) < ^• 

Observe that Properties (E2), (E3), (E4) and (E7) are consequence of ( 14.151 1, ( 14.16b . and (C3). Furthermore, 
(E5) holds as the developing map, f , is a local isometry (see Remark[T]) The other ones are straightforward. 

We are now ready to construct a sequence {A^^fc | {i,k) E 1} where the element Ai,k — {Y^,t^,v^} is 
composed of: 

• y^' : M ( J4) is a conformal minimal immersion. We also label Yq = Xf^ and Yq = Y^^^ , fc > 2; 

• {{^-t^^) e M+ X R+ I e /}. 

Claim 4.8. We can construct the sequence {A^^fc | (z, fc) e /} satisfying the following list of properties: 

(Fl') (Y^^)(:^.T>:) = (^.-i)(3,t^)' 

(F2,'=) \\YHp) - YtMW < ^. Vp e M{Ju) - Q\{i); 

(F3f) |/(y.,Tj)(p) - /(y,1„Tj)b)l < fs- G M{Ju) ~ QUO, far {j, I) > (z, fc); 

(F5f) i (4^ mmQ.{\f^y.^T.)\} - l) > diamM3(i?') + 1; 

Assume we have constructed Yq ,Yi , . . . , Y^_^. Then we use Lemma[T]to get a holomorphic function without 
zeros li,k ■ M{Ju) C such that 

. \h,k{p) - < ^1 Vp € (e/2); 

. \k,k{p) - 1| < Vp e M(JL,) - (0; 

• The minimal immersion Yl^ with Weierstrass data given by 

(4.19) gi^ykrpk^ = — and ^•(g^j^fc) ^•(g^j^fc), 

is well-defined. 

Then, we define the immersion as Yf^[p) = Rc where the Weierstrass data in the orthogonal 

frame T^, are determined by the L6pez-Ros transformation ( 14. 191 ). Notice that (P(Yf',T^) — * 4>(y*' i,t') uni- 
formly on M{Ju) — Qi'^- At this point, if i'^ is small enough and is sufficiently large, then to check that 
Y^'^ satisfies Properties (Fl*^),...,(F5f ) is a straightforward computation, and so we have constructed the sequence 
{Ai^k I (j, fc) e /}. Note that (14.17b is used in the proof of (F5f). 

4.1.4. The immersion Y solving Lemma^ Consider the minimal immersion F : M{Ju) given by Y = Y^. 

We are going to check that Y satisfies all the statements of Lemma|2] 

Item (L2.b): Items 2 and 3 in Claim|4l]and Properties (E4) and (A2) imply that M{J') C M{Ju)- 
D{p^, 5)) U ( U(j,fc)g7 (0) • So, we can successively apply (Dl^^) and {¥2\), {i, fc) e /, to obtain Vp G M{J') 

(4.20) \\Y{p) - X{p)\\ < ||r,f (p) - Y,\p)\\ + WX^M - X{p)\\ < 2eo < h , 
where the last inequality occurs if eq is small enough. 

Items (L2.a) and (L2.c): As a previous step we will prove the following claim: 
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Claim 4.9. Every connected curve 7 in M{J'i() connecting M{J'') with Ju contains a point p' G 7 such that 
Y{v') e _ E'. 



Proof. Let 7 C M{Ju) be a connected curve with 7(0) G M [J') and 7(1) = xo G Ju- 

Case i) Assume xa e Cf n (0- Using Properties (E2), (F2^) for {j, I) ^ {i, k), (Fl*^) and Inequality gJUl, we 
infer 

(4.21) |(i;^(xo) - X;;K^))(3^^.)| < ||r„^(xo) - r^(a;o)|| + m'ixo) - K>:i(a;o))(3,T^)| + 

ll>;-i(^o) - Y,\xo)\\ + WXf^ixo) - Xl{a\)\\ < 60 + 60 + 3eo = 5eo • 

If we write T as the tangent plane to dE at the point (^i^))' then we know that distRS (p, > dist]g3 (p, T) 

for any p in the halfspace determined by T that does not contain dE. If eq is small enough, (D4*^), (l4n . and 
( I4.2II 1 guarantee that Y^(xq) belongs to the above halfspace, and moreover we have 

(4.22) distK3(r„^(a;o),9i?) > distga (y„^(xo), T) = K(xo) - ^'^(^^(a,^)))^^^..) > 
From the definition of /i we conclude Y^ix^) ^W" ~ E' . 

Case ii) Assume G C*^ n QiLi(0- Reasoning as in the above case and using Property (D3*Li), we obtain 

|(y„^(a;o) - ^f.(ati))(3,T^j| < (xq) - X;:(a,f ))(3^^^^) | + \\Xl{a\) - Xl{a\_^)\\ < 25eo . 
Now, following the arguments of ( 14.221 ). we conclude Y{xo) E M.^ — E' . 

Case iii) Assume xq e — ^{j.i)eiQj{0- Taking into account (F2^), for {j, I) e /, and ( 14.181 1, one has 

||y„^(xo) - Xf,{a'^)\\ < ||y,^(a;o) - Y,'ixo)\\ + \\Xf,{xo) - X^Ja'l)\\ < 4eo , 
and then we can finish as in the preceding cases. 



Case iv) Finally, suppose that xq £ Qf — U(j./)g/Cj. For the sake of simplicity, we will write ■ and 



i-l,fc 



■ instead of /(yfc ^ yfc-j and g^yi- ^ ykj, respectively, and a + ib instead of aw^'''' + bwl^'^ . Hence, for xi £ 
7 n dD{xo, ^/2), taking into account (F2^), for {j, I) > {i, k), and the definition of Y^*^ one has 

||y„^(xo) - r„^(:ri)|| > \\Y^{xo) Y^{x^)\\ - 2eo > \\(Y^(xo) y.'^(a;i))(,,^.)|| - 2eo = 



i,k 



[xi,xo] 

1 

2 



■ to 



ri—l.k/ i—l.k\2 



2eo > 



/ 



\x\,xo\ 



using the definition of ^ and (E5), we obtain 



> 



i—l,k / 



[xi,xo\ 



e { 1 



4 \t 



1 

li,k 



fi~l,k / i~l.k\2 



2eo > 



maxQ.(^){|r-^-^-(5'"'''r 1} + ^^fmaxQ.(,){|r-^-^-|}+ 



fi-l,k , 



- 1 - 2eo , 
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where we have used (F4*^) in the last inequality. On the other hand, we make use of (E5), (E6), and (F3^), 
(j, I) < {i,k), to deduce 





> 


f(Y^,Tf){^o) / ^ 




/ (/( Y;i ,T/' ) (2^0 ) - /(Y^i ,Tf))^ 






J [xi,xo] 




J [xi,xo] 



^ 2 i\f{Y,lT^){xo)\ - 2ei) > \ mmQk{\f^Y^ Tk)\} 



[xi,xo] 

Therefore, by using (F5f ) for eg small enough we have 

\\Y^M - Y^{x^)\\ > i {T^^mmQ.{\f^y^^Tt)\} - l) - 2^0 > diamR3(ii;') + 1 - 2eo > diamR3(ii;') . 

From the above inequality we conclude that 7 satisfies the claim in this last case. It is clear that xq has to lie in one 
of the above cases, hence, we have proved the claim. □ 

Moreover, if eo is small enough, ( 14.20b and the convex hull property for minimal surfaces guarantee that 
Y{M {J')) C E'. Claim 149] impHes that we can find a multicycle J satisfying (L2.a) and (L2.c). 

Item (L2.d): Given p e M{J) — M {J') there are five possible situations for the point p (recall that Q*^ (^) n 

D{p],S)^t {j,l)i{{i,k),{i + l,k)}). 

Case I) Suppose p ^ (U(i.fe)g/D(pf , J)) U {^{i,k)eiQi{0)- I" this case we can use Properties (Dl^"), (F2*=), 
{i,k) £ I to conclude that; 

\\Y:{p) ~ X{p)\\ < (p) - Y„\p)\\ + \\XUp) - X{p)\\ < eo + eo = 2eo < 2&2 • 

As usual, we have assumed that eo is small enough. 

The above fact jointly with Hypothesis ( 14.1b of Lemma|2]give us that Y{p) ^ -E-2b2- 

Case II) Suppose p e D{p'> , S) — U(j ;)£/(5^ (^), for an {i, k) e /. In this case, one has 

(y-{p) - X{p% ef ) = (y-{p) - Y,\p), ef ) + {xl{p) - (p), ) + 

using (Dl^.), V (j, ^ {i, k), (F2^.), V (j, e /, and (|43j, 

> (X^ip) ~ (gf),ef ) - 4eo > il/f^s^b')! (^Re£' n'^Q,ku}j - 9eo > -lOeo > -62 , 

where we have used (B8f) and (B9f). Recall that e'^' = 7V_B(X(pf)). Therefore, again as a consequence of 
Hypothesis ( 14.1b . we infer Yn{p) ^ E^b^ - I" particular Y^{p) ^ -E-2&2- 

Case III) Assume p e D{p^, S) D Qi{£,), for some {i, k) e /. This case is slightly more complicated. 



As a previous step we need to get an upper bound for \\w''^' 



Remember that when we checked (D4f ), 



we obtained ||Xfi(a*^) - {i^.ef + ))|| < Ileo. Therefore, 

(4.23) Ikf -ef II = \WE{Xl{a^,)) -Me{X{p^;))\\ = 

\WE{Xl{a^))-NE{it^^{^ + X{p^))\\ < M\\Xl{a1) - (S/xef + X{p1))\\ < llA/eo , 

where M represents the maximum of 1 1 (IMe \\ in M'^ — E. Note that M does not depend on eo . On the other hand, 
using (Fl,^) and (ESS, we find 

(4.24) - r>:ib),ef )| = - yA:ib),ef - zi^f )| < iiMeo(||r^(p)|| + i(p)ll) . 
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Now, making use of (F2'), (j, I) ^ (i, k), ( I4.24l i and (Dl' ), (j, I) > (i, fc), one obtains 

(4.25) (r„^(p) - ), ef ) > (Y^ip) - X{p^), ) - 6„ > (vUp) - X{p% ) - 

llMe,{\\Y,^(j>)\\ + WYtMW) -eo> (xHp) " ^b.'), ) - llM^odlK^^p)!! + - 3eo 

At this point, we can argue as in the previous case to conclude 

(4.26) (y,1{p) - X{p'^),e\') > -b^ - lUIeo{\\Yl'{p)\\ + \\Yt,{p)\\) - 3e, . 



Observe that Item (L2.c), the convex hull property and (F2^), {j, I) > (i, k), guarantee that Y^'^{p) E E'^^. Further- 
more, notice that 

(4.27) \\YtM X{ql)\\ < WY^Ap) ~ X^{p)\\ + (p) - ))(.,5^) |1 + 

\{X^{p) - ^(gf ))(3,sf )l < 2eo + eo + 5eo + 3^ + eo + 2eo = 3/^ + Ileo , 

where we have used (F2^), (j, I) < {i, k), and (Dl'), (j, I) > {i, k), to get a bound of the first addend; (B8f ), 
(B9f) and (Dl^), (j, I) < (i, k), to get a bound of the second addend; and (Dl'y), (Dl^), (j, < (i, k), and dO 
to get a bound of the third one. Then 1 1 Yj^ (p) \ \ and 1 1 Y/^ i{p)\\ are bounded in terms of eo . So, we infer from ( 14.261 ) 
that Y{p) ^ -B-2b2' if is small enough. 



Case IV) Suppose p e D{pf^-^^, S) n QfiS,)- Reasoning as in the preceding case, now we can deduce from ( 14.41 

(Y^{p)-Y,'l,ip),eA'-'')\ = |(r.'=(p)-r>:i(p),ei+i^'=-u;f )| < (llA/eo + + 
Using these inequalities as in the former case, we deduce Y{p) ^ £'-262- 

Case V) Finally, assume p G (C) ~ ^{j,i)eiD{p\, 5). Reasoning as in inequality (I4.25l l. we have 

(y^M - X{p^^),^^) > - X{p^),e\') - nMeo{\\Yl^{p)\\ + WY^M) 3eo , 

and using now (14.3b . we obtain for a sufficiently small eo, 

(Y-ip) - X{p% ) > -llAfeo(||r^b)ll + ^.-1^)11) " 4^0 > -262 . 
This concludes the proof of Item (L2.d) and completes the proof of Lemma|2l 
Remark 5. If E is strictly convex, then the above proof also gives that 



'2{5"{E,E') + 2h2) 



\\Y{p) - X{p)\\ < M{h,E, E') := ^ \[{dE) + ' ^^^^ ~ ^^^^'^ ' 

where means the Hausdorff distance. 

5. Completeness Lemmas 

This is the moment of employing the Runge type result proved in Section [3] as well as Lopez-Ros deformation 
in order to perturb a given minimal surface with finite topology about its boundary. In this way, we are able of 
increasing the intrinsic diameter of the surface, but preserving the extrinsic one. The proofs of the lemmas bellow 
are inspired in a new technique introduced by Nadirashvili and the last author in |fT4l . 

In order to state the next lemma, we shall denote M = M' — Uf^j^D^, where D^, i — 1, . . . , E, are conformal 
disks in the compact surface M' . As in the previous section, lo will represent a holomorphic 1-form without zeros 
in M and ds^ — For any i S {1, . . . , e}, let be an analytic cycle around and j3i : Vi C M.^ an 

analytic Jordan curve. Given T(I]i) a tubular neighborhood of in (M, ds^), we denote by P; : T(Ei) the 
natural projection. In this setting we have: 



Lemma 3. Consider J — {71, . . . , 7e} a multicycle on M, X : M{J') — > M a conformal minimal immersion, 
Po a point in M(j7), and r > 0, such that: 
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(1) Xipo) = 

(2) 7, cr(SO,/ori-l,...,E; 

(3) II ^(p) — /3i(Pi(p))|| < r,for allp S ji and for aZZ z = 1, . . . , E . 

Then, for any s > 0, and any e > so that Pq e M{ J''^), there exist J = {71, . . . ,7e} a multicycle and a 

conformal minimal immersion X : M (J') M^, with X{pq) — 0, and satisfying: 

(lj3]a) 7, cT^SO,/ori-l,...,E; 

(lj3]b) J' <J <J; 

mc) s < dist ^ {p, J),\fpe J^- 



(iHd) \\X{p)~PMp))\\ <R = V4.s2 + r2 + e, Vp e 7,, Vz = 1, . . . ,E. 



Lemma 4. Lef = {71, .... 7e} be a multicycle, X : M{ J') M.^ a conformal minimal immersion, and po a 
point in M{J') such that X(pq) ~ 0. 

Then, for any I > Oandforanyp > so that po € M{J^^), there exists a multicycle — {71, ... ,7e} awc/a 
conformal minimal immersion X : M(J') M.^, with X{pq) = 0, and satisfying: 
(llla) <J<J; 

(iHb) dist^^ -^(p, >i,ype J''; 

(Ulc) 11^ -^11 <fi,inM{J). 

5.1. Proof of Lemma |3j As analytic Jordan curves are dense in the set of piecewise regular Jordan curves, we 
can assume (without lost of generality) that the multicycle J' is analytic. Let Co g]0, e[ be small enough so that 
7^° C T(Ej), for i = 1, . . . , E. Consider iV e N such that 2/iV < (o, and: 

J \\X{p) — l3i{Pi{p))\\ < r, for all p in the connected component of 
^ \ WiJ) - M{J^I^) around D„ Vi = 1, . . . , E. 

Remark 6. Throughout the proof of the lemma a set of real positive constants depending on X, J , r, e, and s will 
appear The symbol 'const ' will denote these different constants. It is important to note that the choice of these 
constants does not depend on N. 

For the sake of simplicity, we will consider again an order relation in the set / = {1, . . . , 2A^} x {1, . . . , e}. 
We say (j, I) > {i, k) if one of the two following situations occurs: I — k and j > i or I > k. 

For each k = 1, . . . , E, let {ui.fc, . . . , V2N,k} be a set of points in the curve 7^ that divide 7^ into 2N equal 
parts (i.e., curves with the same length). Following the normal projection, we can transfer the above partition to 
the curve 7^^^: {v[ j., . • . , vi^j^ j,}. We define the following sets: 

• Li^k = [vi,k , v[ V («, k) E I. Recall that [vi^k , v[ 1^] represents the minimizing geodesic in (Af(J'), ds^) 
joining Vi^k and v'-y, 

• Gj,k — Ik^ , V j = 0, . . . , 2A^2 (recall that 7^^^ means the parallel curve to 7^, in M{J), such that the 
distance between them is j/N^); 



■^k = Ui=o I'^t G2j+i,k - Int g2j,k and Ak = Uj=i Int g2j,k - Int g2j-i.,k; 



T^k - Ujfo ^J.fe; 



• 

• Bk = [jf=i L2j.,k and Bk = U^^^ i2j+i,fe; 

• Ck=Bkf^ Ak, Ck = Bkn Ak, and Hk = TZk U CkU A; 

• ^N,k = {p e Int (^27V2,fc) - Int (^o,fc) I dist(M,ds)(p, Hk) > j^}; 

• — Ufe=l ^N,k', 

• is the union of the curve ^ and those connected components of il jv.fc that have nonempty intersection 
with Li,k for (i, fc) € /; 

• = {p G M I dist(^,/ (j^) (p, u)^) < 5{Ny\, where 5{N) > is chosen in such a way that the sets 
{i, k) E I, are pairwise disjoint. 



Claim 5.1. If N is large enough, for any {i,k) E I, one has 
(1) diam(M,<i.)(ti7f) < ^* 
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Figure 5 . The labyrinth around the boundary of M {J) . 



(2) If I ■ ds is a conformal metric on M{J) that satisfies 



I > 



in M( J) 
in fljs[ , 



for c > 0, and if a is a curve in M{J) connecting 7^° and 7^-, for some k £ {1, . . . ,e}, then we have 
length(j,,f _;.^3)(a) > const c N. 

Proof. The proof of item ([T]i in the above claim is straightforward. In order to prove item (|2]), we denote aj as 
the piece of a connecting 7^^^ and 7^^^''^^, for j = 0, . . . , iV^ — 1. Then either the length of Uj (in [M, ds^)) 
is greater than S2™L or the length of a.j n ilAr^fc is greater than . To see the former assertion, the reader only 
have to consider that this fact is true for curves in C and take into account that the developing map of is a local 
isometry (see Remark[T]) These facts and our assumption about I give us item (|2]i. □ 

At this point, for a sufficiently large N, we construct a sequence of conformal minimal immersions (with 

boundary) defined on M{J), {F^ \ {i, k) e /}, by using Lopez-Ros transformations with parameters given by 

fc-i 



Lemma[T] We consider = X and denote F^ = F^j^ \ Vfc = 2 
Claim 5.2. These immersions will be constructed to satisfy 



(bl*^) Fj'ip) = Rc J^^ ^^^'^ j, where $ 

(b2f) \\(p'-''{p) - (I)'-'^-Hp)\\ < l/N^Jorallpe M{J)~ml- 

(b3f) W'''{p)\\ >Ny^,forallpeuj^; 

(b4f) U''Hp)\\ > '-f^Jorallp € w^; 

(bSf) dists2 (Gf (p), Gf_]^(p)) < -^,forallp e M{J) — njf , w/iere distg^ is the intrinsic distance in and 

G'H represents the Gauss map of the immersion F^; 

(b6*^) There exists an orthonormal basis ofM.^, — {ei, 62, 63} such that 



(b6.lf) For any p e with \\X{p) - /3fc(Pfc(p))|| > l/^N, we have \\{X{p) - f3k{Pk{p))) 



const . 
■/N ' 



< 



(h6.2>^) (i^'^-b))(3,5f) = iFl,ip))^^^orallpeM{J); 
(b7f) \\Ftip) - Ft_M\\ < ^> Vp e M{J) - uil 

Proof. The sequence {F*^ | (i, fc) e /} is constructed in a recursive way. The order we will follow in this recursive 
construction is similar to the procedure explained in page[TT]for the family ^'i fc. When i — 1 = we adopt the 
convention that F^ :— F^j^^, if fc > 1, and Fq := X. The same occurs for the Weiertrass representations. 



DENSITY THEOREMS FOR COMPLETE MINIMAL SURFACES IN 



21 



Suppose that we have {Fj | (j, I) < {i, k)} satisfying Items (bl' ), . . . , (b7' ). First we need to check the 
following assertions. 

Claim 5.3. For a large enough N, the following statements hold: 
(cl) U'-^'^W < const /nM(7)-U(jj)<(,,fe)n7f; 
(c2) U'-^'^'W > const in M{J) - U(,- ,)<(,,fc)n7f ; 
(c3) The diameter in of F^_^{m^) is less than 

(c4) The diameter in of G\_i{vjf) is less than In particular G*Li(ci7f ) C Cone (jj, ■^^)> some 

g £ G'^_^{w'y), where Cone{x, 9) {?/ G | Z{x, y) < 9}; 
(c5) There exists an orthogonal frame = {ei, 62, 63} in M'^, satisfying 



(c5.1) Z(e3,X(p) - I3k{?k{p))) < ^Jorallpe w'^^ with \\X{p) - Pk{^k{p))\\ > l/VN; 
(c5.2) Z(±e3,Gti(p)) > '-f^Jorallpe tnf. 

To deduce (cl), we write U'-'^^''\\ < E(j,i)<(»,fc) 11'/'^''' ~ + < 2e/N < const, where 

we have used (b2'), < {i, k). Using the same property and taking N large enough, we have ||(/>*~^''"|| > 

H^'^W - Y.{j.i)<{i,k) W^''' - <A'~^''II > \\(l>"'^\\ - 2e/^ > const , so we have obtained Property (c2). To check 
(c3), consider G wf, then 

rP' const 1 

\\FtAp) - Fti{p')\\ - / 0'"'''^ < / W-'^'W M < const •diam(M.,,)(ti7f) < ^— < 



where we have used (cl). Claim ISTfT] and we have taken N large enough. Now, observe that using Claim ISTfTl we 
obtain diams2(G'J(n7f)) < sup{|l ((iG'J)p|| | p £ w'^} dmm(^MAs){^i) < therefore, (b5p, < (i,fc), 

guarantee (c4). Finally, in order to prove (c5), consider C = Cone (jj, i where g is given by Property (c4), 
and 



Xip)-pk{Pk{p)) 



p e mf and \\Xip) - /3fe(Pfc(p))|| > l/VN 



|X(p)-/3fc(Pfc(p))|| 

To obtain (c5.2) it suffices to take 63 in — H, where H — (— C) U C. On the other hand, in order to satisfy 
(c5.1), the vector 63 must be chosen as follows: 

• If (S^ - 7? ) n A/" ^ 0, then we take £3 in that set; 

• If (S^ - 7J ) n A/" = 0, then we take 63 G - satisfying Z(e3, 9') < for some q' e TV. 

It is straightforward to check that this choice of 63 guarantees (c5). □ 

At this point we are able to construct the element F^. Let {g^~^'^, $3^''' ) be the Weierstrass data of i^/L^ in the 
frame S^. Applying Lemma[Tl we can construct a family of holomorphic functions ha : M{J) C* satisfying 

• \ha — a\ < 1/a, in cjf; 

• - 1| < l/a,inM(J^) - njf; 

• The minimal immersion Fj'ip) = Re f is well-defined in M{J), 

where a > 0. Using ha as a Lopez-Ros parameter, we define the Weierstrass data of F.!^ in the coordinate system 
as 5*'''' = g^^^''' /ha and $3*^ — f&g^^''^. Taking into account the fact that ha ^ 1 (resp. ha 00) uniformly 



on M (J) — (resp. on L0^), as a ^ 00, it is clear that properties (blf ), (b2f ), (b3*^), (b5f ), and (b7*^) hold for a 
large enough value of the parameter a. Moreover, (b6.2*^) trivially holds and (b6.1*^) is a immediate consequence 
of (c5.1). In order to prove (b4^), observe that from (c5.2) we obtain 



sm I ^^^^ 1 sm f 



( const \ 



< < \ in tnf 



l + cosfi^l ' 1 - cos ' 



and so, taking (c2) into account one has (if N is large enough) 
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Proposition 1. If N is large enough, then satisfies 

(dl) 2s < dist^j^^^^^_ JJ, J^o). 

(d2) \\F^j,{p) - X{p)\\ < Vp e MiJ) - U(^^,k)eiwt- 

(d3) There exists a multicycle J — {71, . . . , 7e} satisfying 

(d3.2) s < dist^j^^ p,^^{p,M{j(")) < 2s, Vp e J; 

(d3.3) The curve 7^ C T(Y.i),for i — 1, . . . ,E; 

(d3.4) \\F^j^{p) - pk{Pk{pm < i?,Vpe7fe,Vfc = 1,...,E. 



Proof Properties (c2), (b2*'), (b3*') and (b4f), (i, fc) G /, guarantee 



const. ^4 jjj 



in M{J) 



Moreover, we know ds^E — 5 1 1 ^^^'"^ 1 1 ^ ds^ ■ Therefore, if N is large enough, from Claim l5Tl2l we have 



dist, yttt^ dJ,J^") > const H^^^A^ ^ const //V > 2s 



which proves item (dl). Property (d2) is deduced from (b7*^), (i, k) G I. 

In order to construct the multicycle J' of the statement (d3), we consider the set 



V = {pe MiJ) - M{J'^'>) I s < distp^^^,^)b, MiJ^")) < 2s} . 

From (dl), T> ^ % and J and J'^ are contained in different connected components of M — T>. Therefore, we can 
choose a multicycle J onT) satisfying (d3.1), (d3.2) and (d3.3). 

The proof of (d3.4) is more complicated. Consider k £ {1, ■ • ■ ,e}, q E and assume that ^^^(g) 
/3k{Pk{q)), otherwise we have nothing to prove. At this point, we have to distinguish two cases: 

Case 1. Suppose q ^ 'J{i.k)ei'^i ■ Then, item (d2) gives ||-F'|jv(9) ~ ^(9)11 — const /N. Hence, taking ( 15.11 ) into 
account and choosing N large enough we obtain — (]k{Pk{q))\\ < r < R. 

Case 2. Suppose there exists {i,k) e / with q S zu^. In this situation, item (d3.2) guarantees the existence of 
a curve C : [0,1] -> M{J) satisfying C(0) G J\ C(l) = 1 and length(C, < 2s. Label t = sup{t G 

[0,1] I G dru^} and q — C(t). Notice that the previous supremum exists because ro*^ C M{J) — M{J'^) (for 
a large enough N). Then, taking Properties (bV^), (j, I) > (i, A;), into account, we obtain 

(5.2) \\F^{q) - F^{q)\\ < WFtiq) - + \\Fl^{q) - + \\Fl^{q) ~ F^ {q)\\ < 

const , , / , X const const 
< + length(C, + < + 2s . 

On the other hand, using again (b7^), for {j, I) > (i, k), one has 

(5.3) WFi^iq) - PkiPkiqm < \\F.t{q) ~ /3fe(Pfe(g))|l + ^ . 
Once more, we have to discuss two different cases: 

Case 2.1. Assume \X{q) - /3A;(Pfe(g))|| < l/ViV. Hence, using (|521), (b7^), for (j, < (i, fc), and (c3), we get 



\\F^{q) - /3fe(Pfe(g))|| < ii^;^?) - F^m + ll^^f (9) - FlMW + ll^^-i® - ^^-1(9)11+ 

If / N Ml II,,/ N ^ , , NMi const „ const 1 const 1 „ 

where N has to be large enough. The above inequality and ( 15.31 ) gives (d3.3) 
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Case 2.2. Assume now that \\X{q) - /3fc(Pfe(q))|| > l/\/lV. Then we can use (b6.2f), (b7^), for (j, I) < {i, k), 
and ( 15. Il l to obtain 

(5.4) \{F^{q) - f3Mq)))iz,Si)\ = \{FtM - /3fc(Pfc(g)))(3,5?) I < 

- X{q))^,^si)\ + \{X{q) - h{Mq)))(,M < ^ + ^ • 
On the other hand, using (15.2b . (b7j), for (j, I) < {i, k), (c3) and (b6.lf) one has 

(5.5) \\{Ft{q) ~ /3fe(Pfc(g)))(.,5?)ll < ll(^;'('Z) - i^'(9))(*,5?)ll + \\{F^{t) - FtM)i*^s>t^ 

\\{FtM - FtMy)i^*^s-)\\ + \\{FtM - ^(<z))(*^sf)ll + 11(^(9) - /3fe(Pfe('7)))(*.5nll ^ 

const const 1 const const const 
■ 2s H — ^ H = H \ ^ < 2s - ■ 



Therefore, making use of (15.4b and (15.5b . we infer 



Then, using this upper bound and ( 15.31 ). we conclude 



N 



Flj,{q)-l5u{^M)\\ < W 2s 



\ 2 / \ 2 

const \ / const \ const 



iV / V ^ N 



So, for a large enough N, it is obvious that \\F2j^{q) — /3fc(Pfe(g))|| < i? in this last case. 

This completes the proof of (d3.4) and concludes the proposition. □ 



From the above proposition it is straightforward to check that X — : M{J) M.^ proves Lemma[3] 
5.2. Proof of Lemma m Consider cq, ri and pi three positive constants to be specified later, and define 



^^^oY Co , Co vv ^ o 

+ — and Pn = Pi + y — , V n > 2 . 

n J — ' I 

' i=2 

The constants ri and cq have to be chosen so that 

(5.6) lim r„ < ^ . 

n — >oo Z 

In order to apply Lemma[3] we consider a family of analytic cycles in Af, S^, i — 1, . . . , E, such that 7; C 
T(S]i), for i = 1, . . . , E, where T(I]i) is a tubular neighborhood of the curve described at the beginning of this 
section. 

Hereafter, we will construct a sequence Xn — {Jm Xn^ e„} consisting of: 

• Jn = {ln,i, ■ ■ ■ , 7n,E} IS a multicycle with C T{Y.i) for i = 1, . . . , E; 

• Xn : M{Jn) — > is a conformal minimal immersion; 

• {e„} is a decreasing sequence of positive real numbers with e„ < cq/it? . 

Claim 5.4. The sequence {x„} can be constructed to satisfy: 

(A„) J^' < J^l^ <Jn< Jn-l] 

(B„) dist(;^^J^J-y^^^^(p, J„) > pnjorallp e J^^; 

(C„) ||X„(p)-X(Pfc(p))|| <r„,Vpe7«,fc,Vfc=l,...,E. 

Notice that (A„) only holds for n > 2. Once again, the sequence will be obtained following a inductive method. 
For the first term, we choose Xi — X and Ji = J . Finally, we take p\ and ei satisfying 

px < dist(_Y^ Ji), forallp e J'^ and ei < min{co,ri} . 

Moreover, we take ei small enough so that 7^*^^ C T(Si), i = 1, . . . , E, and 

(5.7) ||X(p)-X(Pfc(p))|| <ri<|, 
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for any p in the connected component of M{J) — M{J'^^) around 7^ , Vfc = 1 , . . . , E. 

Assume now that we have constructed xii • • ■ , Xn-i- In order to define Xn we take a real number e„ < 
min{e„_i, ^}. Then we consider the muhicycle J'n and the immersion Xn '■ M{Jn) given by Lemma[3] 

for the data 

Co 

X = Xn-i , J = Jn-\ , r = , s = — and e = e„ . 

n 

So, we get Xn satisfying properties (A„), (B„) and (C„). 

From (A„), (B„) and the fact that the sequence {p„}neN diverges, we find tiq G N with dist^-p^-^ ^ ^ (p, J„) > 

/, Vp e ^7^, Vn > riQ. Choose X = Xno and = Jna- Properties (L4.a) and (L4.b) trivially hold. Now, taking 
( 15.7b . (C„o) and i5.6\ into account, we obtain 

\\X{p)-X{p)\\ < \\X{p)-X{Pk{pm + \\X(Pk{p))-X{p)\\ < ^ + r„„ <Ai, Vpe7fe , Vfc=l,...,E. 

Hence, 1 1 X (p) — X (p) 1 1 < /i for any p ^ J . Finally, the Maximum Principle guarantees that this inequality occurs 
for any p e M{J), so we have checked (L4.c). 

Remark 7. From the arguments of the above proof, it is almost trivial to deduce that: 

6" (x(M{J)),X{M{J))^ < 2/1. 
This estimation will be important to prove Theorem^ 

6. Joining together properness and completeness 

As the title indicates, in this section we put together the information obtained in the previous two sections in 
order to state the precise lemma that we will use in the proof of the main theorems. 



Lemma 5. Let J be a multicycle in M, po e M{J), and X : A4{J) ^ a conformal minimal immersion with 
X{pfj) — 0. Consider E and E' bounded convex regular domains, with £ E d E C E' , and let a and e be 
positive constants satisfying that pq € M{J''^) and 



(6.1) X{M{J)-M{J'))(ZE-E^a 



Then, for any 5 > there exist a multicycle J and a conformal minimal immersion Y : M{J') —> M"^ such that 
Y{pq) — and 

(U5]a) J' <J <J; 

(UDb) dist^^^^b, J^) > l/e,VpG J; 

(U5]c) Y{ J)(zE ' -E^,- 

(lj5]d) Y{M{J) ~ M{J')) C - E^2b-a] 
(U5]e) \\X-Y\\ <einM{J'). 

Furthermore if E is strictly convex, the immersion Y also satisfies: 



(L5.f) \\X - y II < m(a, 6, 6, E, E') := e + ^2m|^|lfa+26) ^ ^^h^e, E') + a)\ in M{J). 

Proof. First, we apply Lemma |4] to the immersion X, for I > 1/e and a small enough /i > which will be 
determined later. Then, we get a new multicycle J and a immersion X : M{J) R^, such that: 

(a) J' <J^' <J <J; 

(c) \\X~X\\ < ti,mM{J). 



If fi is sufficiently small, then X{J) d E — E-a- Thus, we can find v > Oso that J'^ < J" and: 

(6.2) dist^-^(^^^-)>A 

(6.3) X (m{J) - MiT)'^ cE-Ei;. 
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At this point, we apply Lemina|2]to the following data: 

X = X, E^E-a, E\ Jo = J, J'^J", b2 = b, 
and arbitrary 61 > 0. Hence, we obtain a new multicycle J', < J < J , and a minimal immersion Y : 
M{J) R^, satisfying: 

(A) \\Y~X\\ < bi,inAf(^-); 

(B) Y{ J) C E ' - E'_^; 

(C) YiM{J) - M{J-)) C _ E^2b-a- 

Furthermore, if E is strictly convex, then we have the extra information provided by Remark|5j 

(D) \\Y -X\\<M{h,E^a,E') < +(^g(ii;,i;0+a)^ in M( J) - Af(^-). 

Item (A) says to us that Y converges to X uniformly on M{J^), as hi 0. Therefore, if bi is small enough we 
also have dist^^^j.^^^ y-j (J'"', J''') > A (see i6.2i ). which implies (L5.b). Item (L5.c) directly follows from (B). 
Moreover, (c) and (A) give (L5.e), provided that fi + bi < e. 

Taking dOT i. (c) and (A) into account, we can deduce that Y{M{J'') - Mi J")) C - E^a, provided that 
^ and bi are sufficiently small. So, the above inclusion and (C) demonstrate (L5.d). 

Finally, if E is strictly convex, then (c), (A) and (D) imply (L5.f), provided that fi and 61 are small enough. □ 

7. Density theorems for complete minimal surfaces in 

Now, we are able to prove the theorems stated in the introduction. Although all the theorems of this section 
are stated in terms of Riemann surfaces with boundary that are open regions of compact Riemann surfaces, this 
does not represent any restrictions over our work. In order to prove Theorem A in the introduction we notice that 
any Riemann surface with finite topology and analytic boundary can be seen as the closure of an open region of a 
compact Riemann surface (see O].) 

Remark 8. In this section, we will use several times the sequence of positive reals given by: 

tti := \ e^/^, a„ := e"^/^", forn > 1. 
Notice that < < 1 and {0"=! Q^ilneN converges to 1/2. 



P3 



Theorem 1. Let D and D' be two bounded, convex regular domains satisfying £ D <Z D' . Let ip : M (F) 
be a conformal minimal immersion, where F is a multicycle in M'. Assume that f{po) — and <^(F) d D — D^d 
where po is a point in M(F) and d is a positive constant. 

Then for any p > 0, there exists a domain M^^ in M' , with Af (F) C A/^ and there exists a complete proper 
minimal immersion (/?^ : Af^ — > D' such that: 

(a) 11^^ - ^11 < M in M(V): 

(b) (^^(A/^ - Ar(F)) ciD' - D_2d-^. 

Proof First of all, we define a sequence {-E"} of bounded convex regular domains in the following way. Consider 
v > small enough to satisfy that D' ~ exists, D C D'_~, where V = ^2^=2 ^l^"^- Then, we define 

E^:=D and E'' -.^ D'_^^_ ^/^.2, n>2. 

We also take a decreasing sequence of positive reals {6„} with bi = d, and: 

, ^ . f distRs{dE^,dE^+^) d\ ^ 

b„ < mm i , - ^ , for n > 1. 

Next, we use Lemma|5]to construct a sequence 

Xn — 

where (fn are conformal minimal immersions with ipn{po) = 0, F„ are multicycles, and {sn}, {£,n} are sequences 
of positive numbers decreasing to zero, and satisfying J2T=i < P- 

Furthermore, the sequence ipn ■ MiTn) M'^ must satisfy the following properties: 
(A„) ri-' < F^"_i < F|" < F„ < F„_i; 
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(B„) ||</j„(p) - Vn-i{p)\\ < en,yp G M(r^"_i); 

(C„) ds^^{p) > _,{p\ Vp G M(r«"_Y), where {a J, is given by Remark [8] (recall that ds^^ means 

the Riemannian metric induced by (/3„); 
(D„) l/e„ < dist^^g^_^^^(rf;i-,r«"); 

(E„) (p) e E'' - {E^)-b^, for all p € r„; 

(F„) e R3 - (i;"-i)_;,„_,_2&„, for all p e M(r„) - M(r^;_i). 

The sequence {xn} is constructed in a recursive way. To define xi^ we take (/^i :— Lp and > small enough 
SO that Y^^^ is well-defined, is defined in M{Y^^^ ) and 

(7.1) (M(r-«i ) - 7\f (r)) c - 'D~i. 

By definition Fi F^^^ . In particular Property (Ei) holds. The other properties do not make sense for n = 1. 
Suppose that we have xi, ■ • • , Xn- In order to construct Xn+i, we consider the following data: 

Furthermore, Property (E„) tells us that X^ J) C E — E^a- Then it is straightforward that we can find a small 
enough positive constant k, such that Lemma|5]can be applied to the aforementioned data, and for any e e]0, >c[. 

Take a sequence \ 0, with £,„ < min{>?, 6„+i}, Vm. For each m, we consider J'-^ and : 

M{Jl^) — > R'^ given by Lemma |5] for the above data and e = h = £m- If to is large enough. Assertions (L5.a) 
and (L5.e) in Lemma|5]tell us that F|" < J^^ and the sequence {Ym} converges to ipn uniformly in il/(F|"). In 
particular, {dsy^ }men converges uniformly to ds^^ in M (f|" ). Therefore there is a toq G N such that: 

(7.2) F«"< Tt» <X„, 

(7.3) dsy,„^ > a„+i-ds^„ inM(F«"). 

We define (p„+i := y^Q, F„+i := J^o' ™d £^-1-1 : — £mo' From ( 17.21 ) and Statement (L5.b), we infer that 
l/e„+i < dist^jg(p^,^^^^^(r|",r„+i). Finally, take small enough such that (A„+i) and (D„+i) hold. 
The remaining properties directly follow from ( 17.21 ). ( 17.31 ) and Lemma |5] This concludes the construction of the 
sequence {xn}n&i- 

Now, we extract some information from the properties of {xn}- First, from (B„), we deduce that {fn} is a 
Cauchy sequence, uniformly on compact sets of A/^ — yj^MlT^n^^) — Un -^^(-'^n")' ^° ifn] converges 
on M^. If one employs the properties (A„), then the set is an expansive union of domains with the same 
topological type as M(r). Therefore, elementary topological arguments give us that has the same topological 
type as M (F). Let ip^ : be the limit of {'Pn}- Then p^ has the following properties: 

• </?^ is a conformal minimal immersion, (Properties (C„)); 

• p}^ : — > D' is proper. Indeed, consider a compact subset K C D'. Let no be a natural so that 

K C (i?"-')-b„_,-26„-E.>„e., Vn > no. 

From Properties (F„), we have ipn{p) e „ (£;"-i)_b^_^_2b„, Vp G M(F„) - Af (Fj^li). Moreover, 
taking into account (B^), for k > n,we obtain 

(7.4) ^^(M(r;0 - Af(F^"_i)) C R3 - (i?"-i)_fc„_,_2b,.-j:,,„e.. 

Then, we have n (^M{T„) - A//(F^'lJ^ = for n > uq. This implies that (p~'^iK) C 

A'/(r^'^'^j^), and so it is compact in Af^. 

• Completeness of ip^ follows from Properties (D„), (C„), and the fact that {l/e„}„gN diverges. 

• Statement (a) in the theorem is a direct consequence of Properties (B„) and the fact < A^- 

• In order to prove Statement (b), we consider p E — Af(F). If there exists n G N such that p G 
A/(r„) - A/(r^"_i), then ^3 implies ^^(p) e - D^2d-t,- If P e ^^(rf ) " (Fi), then we use 
properties (B^), fc > 1, and (17.1b to obtain 
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□ 

If we follow the proof of the above theorem, but making use of Lemma|4]and Remark|2]instead of Lemma|5] 
then we obtain the following theorem: 



Theorem 2. Let : A'/(r) -^M. be a conformal minimal immersion, where T is a multicycle in M' . Then for any 
/i > 0, there exists a domain Af^ in M' , with M{T) C Af^ and there exists a complete proper minimal immersion 
ip^ : Afp —^ R"^ such that: 

(a) y^-^W <^iinM{T); 

(b) 5" (^(A?(r)),^;:(M;j) <2^l. 

Under the assumption of strictly convexity we can sharpen the previous arguments in order to prove the follow- 
ing theorem. 

Theorem 3. Let C be a strictly convex bounded regular domain o/R^. Consider a multicycle T in the Riemann 
surface M' and ip : M (T) C a conformal minimal immersion satisfying ip{T) C dC. 

Then, for any e > 0, there exist a subdomain, M^, with the same topological type as M(T), Af(r') C A/^ C 
Afe C M (r), and a complete proper conformal minimal immersion : Af^ C so that 

\\ip — ifieW < e , in Me . 
Proof. Consider to > so that, for any t e] — <o, 0[, we have: 
• Ct is well-defined; 



• Tf := ip-^{dCt n ip{M{T))) is a multicycle satisfying < T 



Fix ci > small enough so that J2k>i ^i/k'^ < min{to, e}- At this point, for any n > 1, consider a positive 
constant t„ = J2k>n c'l/k'^ and a strictly convex bounded regular domain i?" — C-t^ ■ We also take a decreasing 
sequence of positive reals {6„}neN, with 6„ < c^/n'*, V?i G N. 

Now, we use Lemma|5]to construct, for any n £ N, a family Xn = {•Jn, ^n, ^n,^n} , where 

• J^n is a multicycle; 

• Xn : M{Jn) ^ C is a conformal minimal immersion; 

• {cnjneN and {^rajngN are sequences of positive real numbers converging to zero and satisfying e„ < 

Notice that the function given in (L5.f) satisfies m(&„, 6„+i, e„+i, i?", < ^ {l + 2y^^ + - ^^^qq-^ ^ , 

Vn e N, therefore, we can choose ci sufficiently small so that 

oo 

(7.5) ^m(fe„_i,5„,e„,S"-\S") <e. 

ri=2 

We will construct the sequence {xnjjiGN so that the following properties hold: 
(B„) \\Xn{v) - Xn-x{v)\\ < e™, Vp e MiXl^y, 

(C„) dsx„ (p) > a„ ■ dsx„_i (p), Vp e A//( J,f";^' ), where {aJigN is given by Remark^ 
(D„) l/e„ < dist^jj^^^^Jjt-i\Jty, 

(E„) Xn (p) e i;" - (£;«)-6„, for all p e Jn, 

(F„) Xnip) G - {E^-')-K-i-2b,., for all p G Af(J'„) - M{J^l,y, 
(G„) ||X„-X„_i|| < m(6„_i,6„,e„,^"-i,S")inAf(J'„). 

The construction of the sequence {xnlneN, is as in the proof of Theorem[T] except for properties (G„) that are 
consequence of the successive use of (L5.f) in Lemma|5] To define xi, we take Xi = ip, J'l = Ft^ and appropriate 
ei and 61. We choose ^1 so that F^ < J'^^ . Observe that in this case properties (G„), n G N, and ( 17.5b guarantee 
that ||(y5e - < e, in Afj. □ 

Corollary 1. Let D' be a convex domain (not necessarily bounded or smooth) in M.^. Consider J a multicycle in 
M' and Lp : M{J) > a conformal minimal immersion satisfying: 

(7.6) p{J)(lD-^d. 
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where D is a bounded convex regular domain satisfying D <Z D' and d > is a constant. 

Then, for any £ > 0, there exist a subdomain, M^, with M{J') C C C M{J'^^), and a complete 
proper conformal minimal immersion ip^ : — > D' so that 

(A) \W-'4^e\\ <e, inM{J) ; 

(B) ^,{M, - M{J)) C _ D_2d-e ■ 

Proof. Without loss of generality we can assume G -D and lp{pq) — 0, for a certain po in M{J). Define 
:= [(1 - 1/n) • D'] nB(0,n), whereby (1 - l/n) ■ D' we mean the set {(1 - l/n) • x | x e D'}. Making 
use of Minkowski's theorem (see page|4|i we can guarantee, for each n e N, the existence of a regular bounded 

domain in M.^ such that C C V'"- C Notice that {V^}n&n is an expansive sequence of bounded 

convex regular domains whose limit is D' . Then there exists fc G N so that D C for any m > k. Taking all 
these arguments into account, we define the following sequence of open convex domains: 

:= D, E'' := ^"+^-2^ n>2. 

Following the scheme of the previous proofs, we will construct a sequence S„ := {Jn,^n '■ M{Jn) ^M^;C?„,e„), 
where: 

• J7n is a multicycle in A/'; 

• (p„ : M{Jn) R? is a conformal minimal immersion; 

• {cJri}neN and {£„}„gN ^6 two Sequences of positive real numbers decreasing to 0. Moreover we want 
that X^fc^i < £j to do this we will choose £„ < ^2^2 ■, n d'H. 

The limit of {S„}„gN will provide the minimal immersion we are looking for To do this we need that S„ satisfies 
the following properties: 

(n„) - V3„_i(p)|| < £„, for all p in M( Jn_i); 

(III„) ds^p^ > an ■ ds^^_^ in M{Jn-i), where {aijigN is the sequence of Remark[8l 

(IV„) dist^jg^j-y^^^)(po, Jn) > n - l] 

(vj MJn) ^ E^ -jE^yZ: 

(VI„) (m(X) - M(J-„_i)) am?- ^"sdLi-e,.- 

Once again the sequence {S„}„gN satisfying the above properties is defined following an inductive process. 
The elements of Si are Lpi := ip, d\ = d, J\ — J and £1 < 

Assume now we have defined S„. To construct the element S„+i we apply Theorem[T|to the minimal immersion 
<Pn : M{Jn) -> E'" C £;"+\ where i;", £'"+\ £„+i, and d„ play the role of £>, D', ^, and d in the statement 
of Theorem[ri respectively. Then we get a domain M^^^^^ in M' , with A/(r„) C and a complete proper 

minimal immersion (y5„+i : -A/g^^j ^ satisfying: 

(7.7) ||<^„+i - (p„|| < £„+i, in Af(J'„); 

(7.8) ^„+i(A4„+i -Af(J'„)) C R3_^n^^^_^^^^^_ 

From (I7.7l i we have that (III„+i) holds provided that £„+i is taken small enough. As ^pn+\ is complete and 
proper, then it is possible to find j7„+i satisfying (I„+i), (IV„+i) and (V„+i). Properties (II„+i) and (VI„+i) are 
consequence of ( I7.7l i and (17.8b . respectively. 

At this point we define := Af(j7n) and Lp^^ : D' as the uniform limit of the sequence {(pn}nef^- 

Following similar arguments to those used in the proof of Theorem [T] it is easy to check that ip^ is the minimal 
immersion that proves the corollary. □ 

8. The construction of a complete proper minimal surface with uncountably many ends 

The most interesting application of the results in the preceding section is the construction of the first examples 
of complete properly immersed minimal surfaces in Euclidean space with an uncountable number of ends. It is 
important to note that this kind of surfaces cannot be embedded as a consequence of a result by Collin, Kusner, 
Meeks and Rosenberg (5). Given p E C and r > 0, we will write ©(p, r) — {z G C | |z — p| < r}. As usual, the 
unit disk will be denoted by D, instead of D(0, 1). 
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Figure 6. The construction of a minimal surface with uncountably many ends consists of mod- 
ifying a given minimal surface in R'^ by adding more and more ends. In each step of this proce- 
dure we add two new ends in a neighborhood of each end of the previous surface. 




Figure 7. The multicycles Ti, and T^. 

Theorem 4. There exists a domain C C and a complete proper minimal immersion ?/; : 17 — > which has 
uncountably many ends. 

Proof. The required immersion will be obtain as a limit of a sequence of complete proper minimal immersions 
defined on subdomains of the complex plane. Along this section, given a a Jordan curve in C, we denote by I (a) 
as the bounded connected component of C — a. In the following, we construct a sequence 

Xn = {r„, M„, Xn, dn, £„, r„} , whcrc 

(a) {dn}n, {cnln and {r„}„ are sequences of positive real numbers decreasing to zero such that J2iZn ^» 

(b) r„ = {/?„} U {7„(fci, . . . , fcj ) I fej e {0, 1} , 1 < i < j , 1 < j < n} C C is a family of curves with 
(b. 1) /3„ C C - D, n e N, are Jordan curves wich satisfy l(/3„_i) C l(/3„). 

(b. 2) 7n(fci, ■ • ■ , kj) are cycles in satisfying the following properties 

(b. 2. 1) For each 1 < j < n the cycle 7n(fci, . . . , kj) is in the homology class of 7n-i(fci, . . . , kj) 
and I(7„(fci, . . .,kj)) C l(7„_i(fci, . . ■,kj)). 

(b. 2. 2) 7„(/ci, . . . , is a circle centered at c(fci, . . . ,kn) and radius r„ > 0, where c(fci, . . . ,kj) = 
c{ki, fcj„i) + (-l)'=Je(j)p(fci, . . . , kj), with e{j) = i if j is odd, e{j) = 1 if j is even 
and p{ki, . . . , fcj ) are positive real number sufficiently small so that 

(8.1) IO(c(fci, . . . , kn), r„) C ID'(c(fci, . . . , fc„_i), r„_i) - l(7„(A:i, . . . , kn-i)) ■ 
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Observe that r„ is a multicycle in C = C U {00} with I]]J^g2''' cycles. The disk Int(/3„) coincides with 
C - l{/3„) and Int(7„(fci, . . . , %)) = l(7„(fci, . . . , fc^)). Note also th at A/(r „_i) C M(r„). 

(c) Mn is a domain in C topologically equivalent to M(r„) and such that M(r„) C Af„ C Af (F^'"). 

(d) Xn '■ Mn — > M'^ is a conformal complete proper minimal immersion. 




Figure 8. The domains M (Fi) and M {T2). 

Let see that the sequence {xn}neN can be constructed to satisfy the following conditions 
(Z.IJ |iX„-X„_i|| < e„ inA/(r„) ,n>2; 

(Z.2„) X„{Mn - A.f(F„)) C ~ 5(0,n- 2d„ - £„ ), where B(0, r) {a; G | ||a;|| < r} for r > 0; 
(Z.3„) X„ (r„) C 5(0, 71 + e„) - B(0, n - d„ - e„) . 

(Z.4„) Ax„ > Q!„ Ajf^.i in Af(r„) where 5x„ = \x„ - <•,•>, and {ckn}nGN is the sequence of Remark[8] 
First we present the first term of the sequence. Let X : H B{Q, 1) be the immersion given by the inclusion, 
{dn}n and {e„}„gN two sequences of positive real numbers decreasing to zero such that J^iLi < Now we 
consider (3i the circle of radius 1 — 5^ and center 0, and 71 (0), 71 (1) the circles of radius ri — and centers 
c(0) = |i and c(l) = — |i, respectively. Then, we can apply Corollary [T] to the immersion X, the convex domain 
D = B{0, 1), the multicycle Fi = U {71(0), 71(1)}, d = di ^ j and e = ei to obtain a domain Mi with 
Ajf(Fi) C Ml C All C M{Ti'^'^) and a conformal complete proper minimal immersion Xi : Mi — > M.'^ such 
that \\X - Xi\\ < ti in Af (Fi) and Xi{Mi - A/(Fi)) C - B(0, \ - ei). From here it is easy to check that 
(ZEl) is satisfied. 

Assume we have constructed {xi, ■ • ■ , Xn} satisfying the corresponding definitions and properties. We will 
define now Xn+i- From Property (|d]l and (ZlSji) we can assert that there exist cycles /3n+i and 7„_(.i(/ci, . . . ,kj) 
fulfilling the conditions (b.l) and (b.2.1), respectively, and such that 

Xn {pn+i U (u;Li7n+i(fci, ...,k,))) C B{0, n+1)- 5(0, n + 1 - d„+i) . 

Furthermore, we can find p{ki, . . . , kn+i) and r„+i > appropriate so that ( 18.11 ) is satisfied for n + 1 and the 
curves 7„+i(fci, . . . , kn+i) described in (b.2.2) also fulfill the above equation, it is to say 

(8.2) X„(F„+i) C B{0, n + 1)- B{0, n + 1- dn+i) • 

Recall that we have a sequence {e^ji such that J2iLj f^'" ^ — 12iLn+i ^ ^n+i we do not modify the 

sequence {ei},;. If it is not the case we consider a new sequence {e'^ji defined as = Ci for i < n and — tiVn+i 
for i > n + 1. It is clear that YlTLn+i ^'i < ''n+i- Moreover, for j < nwe have J^iLj ^'i — X^^j < ^i- '^^e 
sake of simplicity, we continue denoting the new sequence as {e^},. 

Taking into account (I8.2l i we can apply Corollary [T] to the immersion Xn, the multicycle F„+i, the convex 
D = B{0,n + 1), d — dn+i and e = e„+i to obtain a domain A/„+i with Af(r„+i) C A/„_(-i C A/(F„_^"/^) 
and a conformal complete proper minimal immersion Xn+i ■ Mn+i — » R'^ satisfying (Z[Tli+i) and (Z|2li+i). 
Moreover, from (ZlTJ^+i) we obtain that if e„+i is sufficiently small the property (Z|4}i+i) is also satisfied. Finally, 
(ZOi+i) follows from ( 18.21 ) and (Z[TJi+i). Consequently, we have the sequence {xn}- 
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Hereafter, we define the required immersion tp. We denote by 57 = Ui^i M{Tn)- Clearly 57 is a do- 
main, since it is the union of domains with non empty intersection. Furthermore, from (ZlT},) we deduce that 
the sequence {Xn}neN converges uniformly on compact sets of and so we can define : f2 ^ M'^ as 
ip{z) = limi^ao,i>n for z S M(r„). By making use of Harnack's theorem we know that -0 is a har- 

monic map. Let us see that tp is immersion. Take z E fl. Thus, there exists n G N such that z G A/(r„). Then, 
according to properties (Z|4}„) for m> n,we have 

m ^ 

Ax„ > am Ax„_i > • • ■ > J]^ Ax„_i > - >^x„-i > . 

i—n 

By taking limits in the above inequality as m ^ oo we obtain X^,{z) > 0. On the other hand, it is easy to obtain 
the properness (and therefore the completeness) of i/j from properties (Z|2j^). 

Finally, let us demonstrate that tp : ^ M.'^ possesses uncountably many ends. Let Q denote a sequence 
Q = {fcijjgN, where ki £ {0, 1}. Next, we consider any proper arc ctq : [0, cxd[ ^ 51 satisfying 

(8.3) aQ([j, oo[) ce(c(fci,...,fc,),r,) ,VjeN. 

We note first that if Q = {fcijigN and Q' — {A:^}ieN are two sequences as above such that Q ^ Q' then there 
exists jo = min{j e N | kj ^ kj}. Thus, (I8.3l l implies that D(c(fci, . . . , kj^), Vjg) and B{c{k[, . . . , fc^^), rjg) are 
two disks containing agdJo, oo[) and aQ/{[jo,oo[), respectively. Since 

D(c(fci, . . . , %J, r,J n D(c(fci, . . . , fc^.J, r,J = , 

we can consider 9(]D)(c(fci, . . . , kj^), Vj^)) as a compact set separating (TQ{[jo, oo[) and <JQ'{[jo, oo[). Therefore, 
<tq and CTg/ are two distinct topological ends. As there exists an uncountable number of sequences Q, we deduce 
that there are uncountably many ends. □ 

Finally, we would like to mention the following: 

Remark 9. With the same ideas presented in the proof of the above theorem it is also possible to construct properly 
immersed minimal surfaces with uncountably many ends in such a way that all the ends are limit ends. 
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